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The problem of optimal control of quasilinear systems in the presence of exter-
nal random while noise-type perturbations is considered, Consecutive approxi-
mations to the optimal control are obtained and the errors along the trajectory

and the optimal functional are estimated,

1, A number of papers in the field of optimal control of stochastic systems which
have recently appeared deal with the study of controlled systems containing small terms,
This can be explained, in particular, by the fact that although the basic formulations of
the problems of stochastic control have been known for considerable time [1, 27, how-
ever conclusive results could only be obtained for the linear systems and a quadratic
functional, A problem arises of constructing an approximate optimal control by expan-
sion in the terms of a small parameter, For the case when the external perturbations are
of low intensity, i, e, when a specified controlled system plays the part of the generating
system, the problem of synthesizing an approximate control is dealt with in [3—5] where
it is assumed that the solution of the problem is known, and has been obtained in the form
of a synthesis,

Another approach to the problem of approximate synthesis of an optimal control isalso
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possible, and is developed below, In it the role of the generating system is played by a
linear controlled stochastic system with a quadratic criterion, for which the optimal con-
trol can be obtained in the explicit, analytic form, Speaking more accurately, in the
present paper we assume that the controlled system has the form

T @O=4AWzO+BOu@+eft,z()+oE@H, 0T, (1L1)
z (0) = q

Here the vector of the phase coordinates z (¢) belongs to the n-dimensional Euclidean
space E, ,the control u & E,, the Wiener process & = E,,, the matrices 4, B and ¢
are given and have measurable elements on the segment [0, T], the small parameter
¢ > 0,the constant T ¢ [0, oo) and the vector ¢y & E,.

The Wiener process & (f) is normalized by the conditions

EO =0, MEW=0, ME2()=1:

where M denotes the mathematical expectation, The matrix o accompanying the
noise term £ in (1,1) is such that oo’,where the prime denotes the transposition, is po-
sitive definite, Finally, we assume that the vector function f (¢, z) € E,, is measurable
over the set of arguments, has a bounded derivative in z and satisfies the conditions

e 2 Pae+asfa |2, o gg; 2)

-§ 241 (10 2)

Here z and =z, denote any vectors from £, the constants o; > 0 are specified and | z|
denotes the Euclidean norm of the vector z. The control u (¢} must be chosen so as to

minimize the functional r

Ju)=M [x (T) Lz (T) +S @ (5) Lo () 2 () & u’ (s) La (s) u (s))ds] (1.3)
0

where L; are matrices which are specified and have measurable bounded elements, and
L,, L, are negative definite, while L; (#) is uniformly positive definite on the segment
{o, 71

Under the above assumptions and with the control  (;) = 0 operating, a solution of
the problem (1, 1) exists and is unique [6], On the other hand, if e = 0, then the solution
of the problem of optimal control (1, 1), (1, 3) can be obtained in its explicit analytic
form,

Let us cite some formulas [7] which will be needed in what follows, When ¢ = 0,
the optimal control u, (2) is uo (6) = — L& B'P (1) 2 (1) (1.4)
where the nonnegative definite square n X n matrix P (1) is a solution of the equation

P()=-—P(HA(t)—A ()P () — L, () + (1. 5)
POBWL (B )P (=0, P(I) =1L,

2, Letusdenote by V (¢, z) the Bellman function of the problem (1,1),(1.3). Ac-
cording to [8] this function represents the unique solution of the Cauchy problem

R4 av
LV 4-¢f W‘T(‘a?> Bl(—é;)HLw:O (2.1)
a H 1 4 az) 73 ]
L = —5‘{ ‘?“_E'TI' [s303 5;5 N By = BL:-1RB R 14 {7, x) = ' iz
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Here and in what follows we canset A = 0 without any loss of generality, The optimal
control » (¢, ) now becomes

v(t, x)= — Yy Lyt () B’ () 0V (¢, z) / dx (2.2)

In particular, when & = 0, the Bellman function V, (¢, z) becomes, by virtue of [7],
Ve(t,z) =2'P ()2 (2. 3)

Let us now give the algorithm for constructing the i-th approximation to the optimal
control, We write V (¢, z) in the form -

1
Vi, x)= Z 8"'V]~ (t, ) 4-r; (¢, =) (2. 4)
=0
Here v, is given by (2, 3), the equations for V; are obtained by substituting (2, 4) into
(2.1) and equating the terms accompanying ¢’ and not containing r;, and all the re-
maining terms determine the equation for r;. Let us assume that the i-th approxima-
tion u; (¢, z) to the optimal control (2, 2) is given

1 i . 8[7]
u, (¢, «) = — 5" La71 (1) B" (¢) e ar (2. 5)
j=0

To substantiate the formula (2, 5) we must show that the difference y (0, a,) —J (u,) is
of the order of &'*L This is proved for various values of i according to a single scheme
consisting of constructing two solutions of the system (1, 1), one for the control (2, 5) and
the other for the control (2, 2), (2, 4), and estimating the moment of the difference bet-
ween these processes,

We shall elucidate this in more detail using the zero approximation, In this case the
equation for r, implies that r, (¢, z) is the Bellman function of the following control
problem: to find a control w minimizing the functional

T

M=\ (2 O POty () + 0 () Ls () o ()] dt (2, 6)
0
on the trajectories y (#) of the system of stochastic differential Ito equdtions

dy (8) = e (1, y () — B,Py (1) + Bwldt 4 0d E (1) 2.7

The existence of a solution of the control problem (2. 7), (2, 6) follows from the existence
of the solution of the Bellman equation (2, 5). Let us denote by v, (¢, y) the optimal con-
trol in the problem (2, 6), (2. 7). By virtue of (2, 6) and (2. 7) [8] 2 matrix W (¢) bounded

on {0, T] exists such that T
oro (tu, ;L‘()) ° K] ,
e =M & W (1) 55 [2ey" (£, wo) [ {t, (£, wo))}dt

to
From this and from [9] it follows that
| Oro (t, 2) / 0z | Cec (1 ]z (2. 8)

Thus the optimal control » in the problem (1,1), (1, 3) differes from the control (1.4)
by a quantity which increases at | z]| — co not faster than a linear function of |z |.
Therefore, taking into account (2, 8) and [6] we conclude that

| T (ug) — J (@) | See (1 -F]aol) (2.9
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Note, Let ussubstitute =z (t, u,) into the control (1,4), and = (¢, ») into the optimal
control, and find the difference between the resulting quantities, Then, following (2, 9)
we can conclude that the mathematical expectation of the square of this difference is
Af sham andan af .2 I & in this annes tha Aiffasanna hatoaan tha Aantimal sanrenl 79 7\
VLG vivsr wui b"’ do S 112 LILLID AU LLC MINITITUVE UL LIWOTLL LG vyu.ulax VAL UL { Sy i'l

and the approximate control (1, 4) is of the order of &2

8, The higher order approximations to the optimal control are determined by the
formula (2, 5), From (2,4) and (2, 1) it is obvious that all ¥;i{ > {1 are determined in
quadratures in terms of the function 7, of the previous approximations Vj, f<<i— 1
and of the fundamental solution « (¢, #, T, y) of the following linear homogeneous para-

, . ]
bolic equation: Log =0, Lo—L—2PBig—

We can easily show that

1
5.5, 0) = e o0 [~z o—mDig—m} @D
b1
m—=z{t, 1), D= S 23 (s, T) 68’z (s, 1) ds
i
where 2z; is the fundamental solution of (2, 7) with ¢ = B = o = 0 and A is the deter-
minant of the mawix D.

Validity of the higher order approximations to the optimal approximation is substan-
tiated in the same manner as the validity of the zero approximation (1,4), We must
however also show that aV;/ oz increases with |z | — oo not faster than a linear func-
tion of | z| and that #%V / 82 increases not faster than some power of |z |. These
estimates are obtained for all approximations in the same manner, therefore we shall
prove their validity for V, only,

The following equation for the determination of Vy is obtained from (2, 4):

LoVy +2fPzx =0, Vi(T,2)=0 (3,2)

From this we can deduce as we did for (2, 8), that 8V / 8z increases as some linear func-
tion of | z]. In obtaining an estimate for 42V, / 32® we note that by (3,2) and (3,1)the
function ¥, increases with | z | - co not faster than a polynomial of second degree in

| z {. Therefore, taking into account the inequality given in [10}, chapt, 3, we have

[V (t, 2y /622 | el + ] 2|2
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We study the stability of relative equilibrium of a body whose center of mass
describes a non-Keplerian circular orbit without a center of attraction, under the
action of perturbing or controlling forces, The problem is solved under a restric-
ted formulation, in which only the gravitational moments relative to the central
field are taken into account, Sufficient conditions of stability of the positionsof
equilibrium obtained are found, using the Routh theorem in the manner analog-
ous to that developed in [1],

The problem of relative equilibrium of a rigid body in a circular unperturbed orbit
and its stability, were investigated recently in detail by many authors {1, 2], We find
however, that in certain concrete problems of celestial mechanics and dynamics of space
flights there is a need to generalize this problem to the case of perturbed circular orbits
which are realized when perturbing or controlling forces are present, An example of such
a problem is the case of circular non-Keplerian orbits in the gravitational field of an
axisymmetric planet, The author of [3] has proved, in particular, the existence of circu-
lar orbits the plane of which is parallel to the equatorial plane of the planet,

An interesting problem from the point of view of space dynamics is that of setting a
synchronous stationary satellite (SS) at an arbitrary latitude, The authors of [4, 5] stud-
ied this problem for the center of mass of the satellite, and [6] dealt with the translation-
al-rotational motion of such a satellite under the assumption that an additional constant
reactive force is applied to its center of mass, It was shown that a relative equilibrium
of a body is possible when its center of mass is in circular motions in a plane that does
not contain the center of attraction, This problem was not previously investigated,

The aim of the present paper is to obtain sufficient conditions for the relative equi-
librium of a rigid body when the formulation of the problem is restricted, i, e, under the
assumption that the motion of the body relative to the center of mass does not influence



